Abstract. We show that the main theorem of Morales-Ramis-Simo [6] about Galoisian obstructions to meromorphic integrability of Hamiltonian systems can be naturally extended to the non-Hamiltonian case. Namely, if a dynamical system is meromorphically integrable in the non-Hamiltonian sense, then the differential Galois groups of the variational equations (of any order) along its solutions must be virtually Abelian.
Introduction
Recent work by Morales, Ramis and Simo [5, 6] showed a very natural obstruction to meromorphic integrability (à la Liouville) of analytic Hamiltonian systems in terms of differential Galois theory. In this note, we will show that their results can be naturally extended to the non-Hamiltonian case. The main idea is as follows: any dynamical system given by a vector field can be "turned" into a Hamiltonian system by a simple trick, namely the cotangent lifting. If the original system is meromorphically integrable in the non-Hamiltonian sense, then the lifted system is meromorphically integrableà la Liouville, which implies that the differential Galois groups of the variational equations (of any order, along the non-stationary solutions) of the lifted system are virtually Abelian by Morales-Ramis-Simo theorem. On the other hand, the cotangent lifting process does not change the differential Galois groups of the vartiational equations at all. So we get the following result: Theorem 1. -Assume that a dynamical system given by a holomorphic vector field X on a complex analytic variety M is meromorphically integrable in the non-Hamiltonian sense, and let Γ be an immersed complex curve (Riemann surface) in M which is given by a non-stationary solution of X (i.e. X is tangent to Γ). Then for any narutal number n ≥ 1, the differential Galois group of the variational equation of order n of X along Γ is virtually Abelian (i.e., its Lie algebra is Abelian).
We hope that the above theorem will find many applications in non-Hamiltonian dynamics, e.g. for non-holonomic systems. We remark that some special cases of the above theorem were obtained earlier by Maciejewski, Przybylska, and Yoshida [3, 4] . Our approach is different from theirs.
In the rest of this note, we will explain the terminology used in the above theorem, and how this theorem can be deducted from the main theorem of Morales-Ramis-Simo [6] .
Non-Hamiltonian integrability and the cotangent lift
For general dynamical (not necessarily Hamiltonian) systems, there is a natural notion of (nonHamiltonian) integrability, which was probably studied first by Bogoyavlensky, but also independently by other people from different points of view, see e.g. [1, 2, 7, 8, 9] . Let us recall this notion here:
Let X be a vector field on a manifold M of dimension m. Then we say that X is integrable (in the non-Hamiltonian sense) if there are integers k ≥ 1, l ≥ 0 such that k + l = m, p vector fields X 1 , . . . , X k on M (which are linearly independent almost everywhere) which commute paire wise (i.e. [X i , X j ] = 0 ∀ i, j) and such that X 1 = X, and q common first integrals f 1 , . . . , f l (which are functionally independent almost everywhere) for these vector fields on M (i.e.
If all the vector fields X i and common first integrals f j belong to some category, then we say that X is integrable in that category. In particular, we will say that X is meromorphically integrable if the vector fields X i and the functions f j are meromorphic on M .
If a Hamiltonian system is integrable (à la Liouville, or in non-commutative sense) then it is also integrable in the non-Hamiltonian sense, though the inverse is not true, so non-Hamiltonian integrability is a weaker notion than Hamiltonian integrability (see, e.g., [8, 9] ).
Let us now explain the cotangent lift trick. If φ : M → M is a diffeomorphism, then it gives rise to push-forward map (which is the inverse of the pull-back map)φ := φ * = (φ * ) −1 : T * M → T * M from the cotangent bundle of M to itself, which projects to φ on M . We will say thatφ is the cotangent lift of φ. Similarly, if X is a vector field on M , then it can naturally be lifted to a Hamiltonian vector field on T * M (with respect to the canonical symplectic structure on T * M ), which we will denote byX. In fact, X corresponds to a fiber-wise linear function h X on T * M via the pairing formula h X (p) = p, X(x) for p ∈ T * x M , andX is nothing but the Hamiltonian vector field of h X . We will say thatX is the cotangent lift of X. The vector fieldX contains X as a sub vector field, via the identification of the zero section of the cotangent bundle T * M with M , and X projects to X via the natural projection π : T * M → M . The flow ofX on T * M is nothing but the cotangent lift of the flow of X on M .
In terms of local coordinates, let (z 1 , . . . , z m ) be a local coordinate system on M , and (p 1 , . . . , p m ) be the dual coordinates on the cotangent fibers, i.e. if p ∈ T *
and p is the covector p = i p i (p)dz i over the point x. The vector field X has the form X = a i ∂ ∂zi , the corresponding fiber-wise linear function h X is h X = a i p i , or more precisely h X (p) = a i (π(p))p i (p), and the cotangent liftX of X isX
.
. . , z m ), then its cotangent liftΦ : T * C m → T * C m , thenΦ in the coordinate system (z, p) = (z 1 , . . . , z m , p 1 , . . . , p m ) has the following form:Φ
where
The cotangent lift relates many notions in Hamiltonian dynamics with notions in non-Hamiltonian dynamics. For example, one can verify easily that if X is a vector field which vanishes at the origin and which is in Poincaré-Dulac normal form, then its cotangent lift is in Birkhoff normal form in the corresponding coordinates. In this note, we will need the following very simple but useful result:
Proposition 2. -If X is (meromorphically) integrable in the non-Hamiltonian sense, then its cotagent liftX is (meromorphically) integrableà la Liouville.
Proof. Let X 1 , . . . , X k (X 1 = X) and f 1 , . . . , f l (k + l = m) be commuting vector fields and common first integrals which provide the non-Hamiltonian integrability of X. Consider the following m functions H 1 , . . . , H m on the symplectic manifold T * M :
ThenX is the Hamiltonian vector field of H 1 , and the functions H 1 , . . . , H m Poisson-commute pairwise. Indeed, [X i , X j ] = 0 implies that {H i , H j } = 0 (for i, j ≤ k); X i (f j ) = 0 implies that {H i , H k+j } = 0, and we always have {π * f, π * g} = 0 for any two functions f, g on M . ThusX = X H1 is an integrable Hamiltonian systemà la Liouville with the momentum map (H 1 , . . . , H m ).
Variational equations and differential Galois groups
Let us birefly recall how to construct the variational equation of order n (n ∈ N) along a nonstationary solution of a dynamical system given by a complex analytic vector field X, and the corresponding differential Galois group. For details see [6] . We will assume that Γ is an immersed Riemann surface in the manifold M , which is tangent to X (X is non-trivial on Γ but may vanish et some points on Γ). Denote by M(Γ) the field of meromorphic functions on Γ. The vector field X (resitricted to Γ) turns M(Γ) into a differential field, with the differential ∂ given by X. For each point x ∈ Γ denote by J n x the set of n-jets of holomorphic functions in a neighborhood of x in M . Then J n x is a finite-dimensional vector space, and the union J n Γ = x∈Γ J n x is a locally trivial complex vector bundle over Γ. The vector field X induces a natural linear connection on J n Γ in the following way: for each pair of points x, x ′ ∈ Γ and a path α in Γ connecting x to x ′ , there is a unique path α C in C from 0 to some complex number such that the integration of X along this path α C of complex times will move x to x ′ . Let φ α denote the germ (near x) of the integration of X along the path α C of complex times. Then φ α is a germ of complex diffeomorphism from a neighborhood of x in M to a neighborhood of x ′ . The n-jet of the push-forward of φ α is a linear isomorphism from J n x to J n x ′ , which we will denote by J [6] . In order to view the above linear connection on J n Γ as a system of linear differential equations on Γ, one needs to trivialize J n Γ meromorphically, i.e. fix a basis of meromorphic sections on J n Γ (such a meromorphic trivialization exists and is unique up to meromorphic gauge transformations, see e.g. the appendices in [5, 6] .) Denote the Picard-Vessiot extension of M(Γ) associated to the corresponding linear system of equations on J n Γ by M n X (Γ) (it is generated by the coefficients of the fundamental solution of the system of linear differential equations, and does not depend on the choice of the meromorphic trivialization.) We will denote by Gal Theorem 3. -If M is a symplectic manifold and X is a Hamiltonian vector field which is meromorphically integrableà la Liouville (i.e. there is a set of functionally independent meromorphic first integrals in involution, whose cardinal is half the dimension of M ), then the groups G n X (Γ) are virtually Abelian.
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